We consider a new type of monotone nonexpansive mappings in an ordered Banach space X with partial order . This new class of nonlinear mappings properly contains nonexpansive, firmly-nonexpansive and Suzuki-type generalized nonexpansive mappings and partially extends α-nonexpansive mappings. We obtain some existence theorems and weak and strong convergence theorems for the Mann iteration. Some useful examples are presented to illustrate the facts.
Introduction
Throughout this paper, (X, · ) denotes a real Banach space, N the set of natural numbers and R the set of real numbers. Let K be a subset of X and T : K → K be a self-mapping. A point z ∈ X is said to be a fixed point of T if T(z) = z. The mapping T : K → K is said to be nonexpansive if T(x) -T(y) ≤ x -y for all x, y ∈ K and quasinonexpansive [] if T(x) -y ≤ x -y for all x ∈ K and y ∈ F(T), where F(T) is the set of fixed points of T.
The study of the existence of fixed points of nonexpansive mappings was initiated in  by Browder [] , Göhde [] and Kirk [] independently. Indeed, Browder [] and Göhde [] obtained an existence theorem for a nonexpansive mapping on a uniformly convex Banach space, while Kirk [] obtained the same result in a reflexive Banach space using the normal structure property (see also [-] ).
A number of extensions and generalizations of nonexpansive mappings have been considered by many mathematicians in recent years. In , Suzuki [] introduced an interesting generalization of nonexpansive mappings and obtained some existence and convergence results.
Definition . ([]) A mapping T : K → K is said to satisfy condition (C) if for all x, y ∈
The mapping satisfying condition (C) is also known as a Suzuki-type generalized nonexpansive mapping.
Theorem . ([]) Let K be a nonempty convex subset of a Banach space X and T : K → K be a mapping satisfying condition (C). Assume also that either of the following holds:
• K is compact;
• K is weakly compact, and X has the Opial property. Then T has a fixed point.
Recently, Aoyama and Kohsaka [] introduced a new class of nonexpansive mappings, namely α-nonexpansive mappings, and obtained a fixed point theorem for such mappings.
Definition . ([])
Let K be a nonempty subset of a Banach space X. A mapping T : K → K is said to be α-nonexpansive if for all x, y ∈ K and α < 
T(x) -T(y)
 ≤ α T(x) -y  + α x -T(y)  + ( -α) x -y  .
Remark . In [], Ariza-Ruiz et al.
showed that the concept of α-nonexpansive mapping is trivial for α < .
Theorem . ([]) Let K be a nonempty closed convex subset of a uniformly convex Banach space X and T : K → K be an α-nonexpansive mapping. Then F(T) is nonempty if and only if there exists x
Remark . It is interesting to note that nonexpansive mappings are continuous on their domains, but Suzuki-type generalized nonexpansive mappings and α-nonexpansive mappings need not be continuous (see [] , Example , and Example . below).
On the other hand, fixed point theory in partially ordered metric spaces has been initiated by Ran 
Preliminaries
Let X be an ordered Banach space with the norm · and the partial order .
Definition . A subset C of a real Banach space X is said to be a closed convex cone if the following assumptions hold:
• C is nonempty closed and C = {};
• ax + by ∈ C for x, y ∈ C and a, b ∈ R with a, b ≥ ;
• if x ∈ C and -x ∈ C implies x = .
A partial order in X with respect the closed convex cone C is defined as follows:
for all x, y ∈ X , whereĊ is an interior of C.
A Banach space X is said to be uniformly convex in every direction (in short, UCED) if for each ε ∈ (, ] and z ∈ X with z = , there exists δ(ε, z) >  such that
for all x, y ∈ X with x ≤ , y ≤  and
X is said to be uniformly convex if X is UCED and
The class of uniformly convex spaces is smaller than the class of UCED spaces. 
Let K be a nonempty subset of a Banach space X and {x n } be a bounded sequence in X . For each x ∈ X , define:
Throughout, we will assume that order intervals are closed and convex subsets of an ordered Banach space (X , ). We denote these as follows:
[a, →) := {x ∈ X ; a x} and (←, b] := {x ∈ X ; x b} for any a, b ∈ X (cf.
[]).
Definition . ([]
) Let (X ) be a partially ordered Banach space and T : X → X be a mapping. The mapping T is said to be monotone if for all x, y ∈ X ,
x y implies T(x) T(y).
The following iteration process is known as the Mann iteration process []:
3 Monotone generalized α-nonexpansive mappings Definition . Let K be a nonempty subset of an ordered Banach space (X , ). A mapping T : K → K will be called a monotone generalized α-nonexpansive mapping if T is monotone and there exists α ∈ [, ) such that
Now we present some basic properties of generalized α-nonexpansive mappings.
Proposition . Every monotone mapping satisfying condition (C) is a monotone generalized α-nonexpansive mapping but the converse is not true.
When α = , a generalized α-nonexpansive mapping reduces to a mapping satisfying condition (C). The following example shows that the reverse implication does not hold.
be a subset of R endowed with the usual norm and usual order. Define T :
Then, for x ∈ (, /] and y = ,
and T does not satisfy condition (C). Again, for x ∈ (, ] and y = ,
and T does not satisfy condition (C). However, T is α-nonexpansive with α ≥   and a generalized α-nonexpansive mapping with α ≥
We note that for α ≥
). In the case x = (, ) and y = (, ), we have
Therefore T is a generalized α-nonexpansive mapping. However, for x = (, ) and y = (, ),
Therefore T is not an α-nonexpansive mapping for any α < . Further, for x = (, ) and
Thus T is not a Suzuki-type generalized nonexpansive mapping as well.
Proposition . Let K be a nonempty subset of an ordered Banach space (X , ) and T : K → K be a monotone generalized α-nonexpansive mapping with a fixed point y ∈ K with x y. Then T is monotone quasinonexpansive.
Proof It may be completed following the proof of Proposition  [].
Lemma . Let K be a nonempty subset of an ordered Banach space (X , ) and T : K → K be a generalized α-nonexpansive mapping. Then F(T) is closed. Moreover, if E is strictly convex and K is convex, then F(T) is also convex.
Proof It may be completed following the proof of Lemma  [].
The following lemmas will be useful to prove our main results, which are modeled on the pattern of [] .
Lemma . Let K be a nonempty subset of an ordered Banach space (X , ) and T : K → K be a generalized α-nonexpansive mapping. Then, for each x, y ∈ K with x y:
Proof It may be completed following the proof of [], Lemma .
Lemma . Let K be a nonempty subset of an ordered Banach space (X , ) and T : K → K be a generalized α-nonexpansive mapping. Then, for all x, y ∈ K with x y,
Proof From Lemma ., we have for all x, y ∈ K either
In the first case, we have
This implies that
In the other case, we have
This implies
Therefore in both the cases we get the desired result.
Existence results
In this section, we present some existence theorems for monotone generalized α-nonexpansive mappings. Proof Suppose that {T n (x)} is a bounded sequence for some x ∈ K. Since T is monotone and x T(x), we get T(x) T  (x). Continuing in this way, we get
Then the asymptotic center of {x n } with respect to K is A(K, {x n }) = {z} such that x n z for all n ∈ N, such z is unique. Now we claim that
Now, for all n ∈ N, we claim that either
Arguing by contradiction, we suppose that for some n ∈ N  x n -z < x n -x n+ and  x n+ -z < x n+ -x n+ .
By the triangle inequality and (.),
which is a contradiction. Thus, for all n ∈ N, either
In the first case,
and by (.) we have
Consequently, T(z) ∈ A(K, {x n }), ensuring that T(z) = z. Similarly, in the second case we can deduce that T(z) = z. Conversely, suppose that F(T) = ∅. So there exist some w ∈ F(T) and T n (w) = w for all n ∈ N. Therefore, {T n (w)} is a constant sequence and {T n (w)} is bounded. This completes the proof. Now we present another existence theorem in a UCED ordered Banach space. The following lemma is quite useful in our result.
Lemma . ([]) Let K be a weakly compact nonempty convex subset of a UCED Banach space X . Let τ : K → [, ∞) be a type function. Then there exists a unique minimum point z ∈ K such that
τ (z) = inf τ (x) : x ∈ K .
Theorem . Let K be a weakly compact nonempty convex subset of a UCED ordered Banach space (X , ). Let T : K → K be a monotone generalized α-nonexpansive mapping. Then F(T) = ∅, provided x T(x). Proof Since T is monotone and x T(x), we get T(x) T  (x). Continuing in this way, we get
Since K is weakly compact, and by the construction of {x n }, we have
Since T is monotone, we have
be a type function generated by {x n }, that is,
From Lemma . there exists a unique element z ∈ K ∞ such that
Thus in both cases we have
Since τ (z) = inf{τ (x); x ∈ K ∞ }, by the uniqueness of a minimum point, it follows that T(z) = z, that is, z is a fixed point of T.
Corollary . (Compare Theorem  []) Let K be a weakly compact nonempty convex subset of a UCED ordered Banach space (X , ). Let T : K → K be a monotone mapping satisfying condition (C). Then F(T) = ∅, provided x T(x).
Theorem . Let X be a uniformly convex Banach space with the partial order with respect to a closed convex cone C. Let T : C → C be a monotone generalized α-nonexpansive mapping. Suppose that the sequence {T n ()} is bounded with T n () y for some y ∈ C.
Then F(T) = ∅.

Proof Since x =  T() = T(x).
Then from Theorem . conclusion follows. 
Now onwards
Lemma . ([]) Let K be a nonempty closed convex subset of an ordered Banach space (X , ). Let T : K → K be a monotone mapping. Fix x
. Consider the Mann iteration sequence {x n } defined by (.). Then we have
for all n ∈ N. Moreover, {x n } has at most one weak limit point. Hence if K is weakly compact, then {x n } is weakly convergent.
Theorem . Let K be a nonempty closed convex subset of a uniformly convex ordered
Banach space (X , ) and T : K → K be a monotone generalized α-nonexpansive mapping. Let {x n } be a sequence defined by (.) is bounded with x n y for some y ∈ K and
Proof Suppose that {x n } is a bounded sequence and lim n→∞ inf T(x n ) -x n = . Then there exists a subsequence {x n k } of {x n } such that
The asymptotic center of {x n k } with respect to K is A(K, {x n k }) = {z} such that x n k z for all n ∈ N, such z is unique. By the definition of asymptotic radius,
Using Lemma ., we get
The uniqueness of point z implies that T(z) = z.
Now we give an existence result for the Mann iteration in a UCED ordered Banach space.
Theorem . Let K be a weakly compact nonempty convex subset of a UCED ordered
Banach space (X , ) and T : K → K be a monotone generalized α-nonexpansive mapping. Let {x n } be a sequence defined by (.) and
Since K is weakly compact, and by the construction of {x n k }, we have
By the definition of type function,
The uniqueness of a minimum point implies that T(z) = z. Proof Since x  =  T() = T(x  ), and conclusion follows from Theorem ..
Convergence results
In this section, we present some convergence results for monotone generalized α-nonexpansive mappings using the Mann iteration process. In the sequel we also need the following lemma from [] . 
for all x, y ∈ B r () = {u ∈ E : u ≤ r} and λ ∈ [, ].
Theorem . Let K be a nonempty closed convex subset of a uniformly convex ordered
Banach space (X , ) and T : K → K be a monotone generalized α-nonexpansive mapping.
Assume that there exists
that F(T) is nonempty and x  z for every z ∈ F(T). Let {x n } be defined by (.). Then the following assertions hold:
() the sequence {x n } is bounded;
Proof Suppose that F(T) = ∅, and let z ∈ F(T). Since x  z, the monotonicity of T implies
Continuing in this way, we get
By (.) and Proposition ., we have
Thus the sequence { x n -z } is nonincreasing and bounded. Thus, lim n→∞ x n -z exists. Hence lim n→∞ d(x n , F(T)) exists. By (.), Proposition . and Lemma ., we have
Proof By Theorem ., the sequence {x n } is bounded and lim n→∞ T(x n ) -x n = . Since X is uniformly convex, X is reflexive. By the reflexiveness of X , there exists a subsequence {x n j } of {x n } such that {x n j } converges weakly to some p ∈ K. By using Lemma ., we have
By Lemma ., we have
By the Opial property, we get T(p) = p. Then p ∈ F(T). Now we show that {x n } converges weakly to the point p. Arguing by contradiction, suppose that {x n } has two subsequences {x n j } and {x n k } converging weakly to p and q, respectively. By a similar argument as for p ∈ F(T), we have q ∈ F(T). By Theorem . lim n→∞ x n -z exists for all z ∈ F(T). Now, by the Opial property, we have
which is a contradiction. Thus {x n } converges weakly to p ∈ F(T). A standard argument shows that {z j } is a Cauchy sequence in F(T). By Lemma ., F(T) is closed, so {z j } converges to some z ∈ F(T). Now, by the triangle inequality, we have
Letting j → ∞ implies that {x n j } converges strongly to z. Since by Theorem ., lim n→∞ x n -z exists, the sequence {x n } converges strongly to z.
Now we present a strong convergence theorem for a mapping satisfying condition (I). Therefore all the assumptions of Theorem . are satisfied, and {x n } converges strongly to a fixed point of T.
The following result is a slightly different version of Theorem ..
Theorem . Let (X , ) be a uniformly convex ordered Banach space, and K, T and {x n } are the same as in Theorem .. Let T satisfy condition (I) with F(T) = ∅, lim inf n→∞ β n ( -β n ) > , then {x n } converges strongly to a fixed point of T.
